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Abstract. 

An electrical potential (Zona bordered real surface X in R 3 with isotropic conductivity 
function a > satisfies equation d(ad c U)\ x = 0, where d c = i(d — d), d = 8 + d are 
real operators associated with complex (conforme) structure on X induced by Euclidien 
metric of R 3 . This paper gives exact reconstruction of conductivity function a on X from 
Dirichlet-to-Neumann mapping U\ hX — > ad c U\ hX . This paper extends to the case of the 
Riemann surfaces the reconstruction schemes of R.Novikov [N2] and of A.Bukhgeim [B], 
given for the case X C R 2 . The paper extends and corrects the statements of [HM], where 
the inverse boundary value problem on the Riemann surfaces was firstly considered. 
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0. Introduction 

0.1. Reduction of inverse boundary value problem on a surface in R 3 to the corre- 
^ ' sponding problem on afRne algebraic Riemann surface in C 3 . 

Let X be bordered oriented two-dimensional manifold in R . Manifold X is equiped 
by complex (conformal) structure induced by Euclidean metric of R 3 . We say that X 
possesses an isotropic conductivity function a > 0, if any electric potential u on bX 
generates electrical potential U on X, solving the Dirichlet problem: 

U\ bX =u and dad c U\ x = 0, (0.1) 

where d c = i(d — d), d = d+d and the Cauchy-Riemann operator 5 corresponds to complex 
(conformal) structure on X. Inverse conductivity problem consists in the reconstruction 
of a\ x from the mapping potential U\ hX — > current j = ad c U\ hX for solutions of (0.1). 
This mapping is called Dirichlet-to-Neumann mapping. 

This problem is the special case of the following more general inverse boundary value 
problem, going back to I.M.Gelfand [Ge] and A.Calderon [C]: to find potential (2-forme) 
q on X in the equation 

dd c if; = qip (0.2) 
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from knowledge of Dirichlet-to-Neumann mapping tp\ bX — > d c ip\ bx for solutions of (0.2). 
Equation (0.2) is called in some context by stationary Schrodinger equation, in other 
context by monochromatic acoustic equation etc. Equation (0.1) can be reduced to the 
equation (0.2) with 

q = by the substitution ip = JoU . 

Let restriction of Euclidean metric of M 3 on X have (in local coordinates) the form 

ds 2 = Edx 2 + IFdxdy + Gdy 2 = Adz 2 + 2Bdzdz + Adz 2 , 

where z = x + iy, B = A = E - G ~ 2iF . Put u = , A By classical 

results (going back to Gauss and Riemann) one can construct holomorphic embedding 
tp : X — > C 3 , using some solution of Beltrami equation: dip = fidip on X. Moreover, 
embedding cp can be chosen in such a way that <p(X) belongs to smooth algebraic curve V 
in C 3 . Using existence of embedding ip we can identify further X with <p(X). 

0.2. Reconstruction schemes for the case X C M 2 ~ C. 

For the case X = O C M 2 the exact reconstruction scheme for formulated inverse 
problems was given in [N2], [N3] under some restriction (smallness assumption) for a or 
q (see Corollary 2 of [N2]) . For the case of inverse conductivity problem, see (0.1), (0.2), 
when q = - , restriction on a in this scheme was eliminated by A.Nachman [Na] by 
the reduction to the equivalent question for the first order system studied by R.Beals and 
R.Coifman [BC2]. Recently A.Bukhgeim [B] has found new original reconstruction scheme 
for inverse boundary value problem, see (0.2), without smallness assumption on q. 

In a particular case, the scheme of [N2] for the inverse conductivity problem consists 
in the following. Let a{x) > for igO and a E C^ 2) (0). Put a(x) = 1 for x E R 2 \0. 

Let q = — 

From L.Faddeev [Fl] result it follows: 3 compact set E C C such that for each 
A E C\E there exists a unique solution ip(z, A) of the equation dd c i\) = qip = dd J^ ip : with 
asymptotics 

tfj(z, \)e~ Xz d = n(z, A) = 1 + o(l), z -)• oo. 
Such solution can be found from the integral equation 

H{z,X) = l + - j g{z-£,\) -j= , (0.3) 

where the function 

, % f e Xw ~~ XlJJ dw Adw i f e^+^dw A dw 



(2tt) 2 J (w + z)w 2(2tt) 2 J w(w-i\) 



is called the Faddeev-Green function for the operator 

li i — y 5(8 + \dz)ji. 
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From [N2] it follows that VA G C\E the function ip | bn can be found through Dirichlet-to- 
Neumann mapping by integral equation 

i;(z,X)\ m = e Xz + J e x ^g(z-Z,\)(^,\)-^((i,\)), (0.4) 

where i>V> = B^\ m , $ V> = ^o| bn , V>o| bn = i>\ bil and <9<9V>o| n = 0. 

By results of [BC1], [GN] and [N2] it follows that ip(z, A) satisfies 9-equation of Bers- 
Vekua type with respect to A G C\E: 

= b(\)$, where (0.5) 

OX 

X6(A) = "i / eXZ ~~ X ~ Z 9Mz^) = ^ je Xz - Xz q^ (0.6) 
zebd n 



ip{z, X)e~ = n(z, A) — >■ 1, A — >■ oo, VzeC. (0.7) 

From [BC2] and [Na] it follows that for q = o > 0, a G C (2 )(fi) the exceptional 

set £■ = {0} and function A h-> 6(A) belongs to L 2+e (C) n L 2 ~ e (C) for some £ > 0. As a 
consequence function // = e~ Xz ip is a unique solution of the Fredholm integral equation 

1 f .,,,,v- z -x> z , . .,.dX'AdX' 



/*(*,*) + — y 6(V)e A -"- A2 ^,y) A/ _ A =i. (o.8) 

A'eC 

Integral equations (0.4), (0.8) permit, starting from the Dirichlet-to-Neumann map- 
ping, to find firstly the boundary values V'Lqj secondly " (^-scattering data" 6(A) and thirdly 

function From equality dd c ip = dd j£* i/j on X we find finally dd J^ on X. 

The scheme of the Bukhgeim type [B] can be presented in the following way. Let 
q = Qdd c \z\ 2 , where Q G C^^(O), but potential Q is not necessary of the conductivity 
form dd J^° ' ■ By variation of Faddeev statement and proof we obtain that V a G C 3 
compact set E C C such that VA G C\E there exists a unique solution ip a (z,X) of the 
equation dd c ifj = qifj with asymptotics 

if> a (z, X)e- x(z - a ^ = fj, a (z, A) = 1 + o(l), z ->■ oo. 



Such a solution can be found from integral equation (0.3), where kernel g(z, A) is replaced 
by kernel 



,\a 2 -\a 2 f -X(C—n+a) 2 +X(C-ri+a) 2 



C 

Kernel g a (z, (, A) can be called the Faddeev type Green function for the operator 
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H — > d(d + Xd(z — a) 2 )/U. Equation d(d + Xd(z — a) 2 )fi = ^qji and Green formula implies 



bn a, 

Stationary phase method, applied to the integral in the right-hand side of (0.9), gives for 
t — ?■ oo, t G R, equality 

l im ll f e lT[{z - a)2+( - E - a)2] d z fi a (z,ir) = Q(a). (0.10) 

■reJK zebQ 

Formula (0.10) means that values of potential Q in the arbitrary point a of O can be 
reconstructed from Dirichlet-to-Neumann mapping l^a\ bQ > 9 z fj, a \ bQ for family of functions 
fj> a (z, A) depending on parameter A = it, t > const, where we assume that A*a| bn is found 
using an analog of (0.4) for ip a \ m - 

Bukhgeim's scheme works well at least VQg C^^Q). 

More constructive scheme of [N2] works quite well only in the absence of exceptional 
set E in the A-plane for Faddeev type functions. In papers [BLMP], [Ts], [N3] it was con- 
structed modified Faddeev-Green function permitting to solve inverse boundary problem 
(0.2), on the R 2 = C, at least, under some smallness assumptions on potential Q. 

Let us note that the first uniqueness results in the two-dimensional inverse boundary 
value or scattering problems for (0.1) or (0.2) goes back to A.Calderon [C], V.Druskin [D], 
R.Kohn, M.Vogelius [KV], J.Sylvester, G.Uhlmann [SU] and R.Novikov [Nl]. 

Note in this connection that the first seminal results on reconstruction of the two- 
dimensional Schrodinger operator H on the torus from the data "extracted" from the 
family of eigenfunctions (Bloch-Floquet) of single energy level Hip = Eip were obtained in 
series of papers starting from B.Dubrovin, I.Krichever, S.P.Novikov [DKN], S.P.Novikov, 
A.Veselov [NV]. These results were obtained in connection with (2+1)- dimensional evo- 
lution equations. 

This paper extends to the case of Riemann surfaces reconstruction procedures of [N2] 
and of [B] . The paper extends (and also corrects) the recent paper [HM2] where the inverse 
boundary value problem on Riemann surface was firstly considered. Earlier in [HM1] it was 
proved that if X C R 3 possesses a constant conductivity then X with complex structure 
can be effectively reconstructed by at most three generic potential — > current measurements 
on bX. 

Very recently, motivated by [B] and [HM1], [HM2], C.Guillarmou and L.Tzou [GT] 
have obtained general identifiability result (without reconstruction procedure): if for all 
solutions of equations dd°u + qju = 0, qj G C^ 2 \X), j = 1, 2, Cauchy datas u\ bx , d c u\ bX , 
coincide, then q\ = q 2 on X . 

1. Preliminaries and main results 

Let CP 3 be complex projective space with homogeneous coordinates 
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w = ( WQ : Wl : W2 : «, 3 ). Let CP^ = {w G CP 3 : w = 0}. Then CP 3 \CP^ can 
be considered as the complex affine space with coordinates Zk = Wk/wo, k = 1,2,3. By 
classical result of G. Halphen (see R.Hartshorne [H], ch.IV, § 6) any compact Riemann 
surface of genus g can be embedded in CP 3 as projective algebraic curve V, which intersects 
CP^ transversally in d > g points, where d > 1 if # = 0, d > 3 if <7 = 1 and d > g + 3 if 
g > 2. Without loss of generality one can suppose that 
i) V = V" \CP^ is connected affine algebraic curve in C 3 defined by polynomial equations 
V = {z G C 3 : Pi(z) = Pi{z) = pa(z) = 0} such that the rang of the matrix 



ii) VHCPl = {&,..., ft,}, where 

A = (0 : A 1 : A 2 : # ), 



'A 1 



A 3 



y) G C , / = l,2,...,d. 



det 



iii) For ro > large enough 

dz 2 
dz 2 

iv) For \z\ large enough: 

dz 2 , 
d^l^ 



dz 3 



7^0 for zEV: \z\\ > Tq and 



dzs , 
d^l^ 



7/ + 5r + 0(4) : 



where 7/, 7/, 7°, 7° 7^ 0, for / = 1, . . . , d, d > 2. 

Let V = {z e V : |zi| < r } and V\Vb = uf =1 Vj, where {V;} are connected 

Let 

5/ G 



components of V\Vq. Let us equip V by Euclidean volume form dd c 



W^(V) = {F G L°°(V) : <9F G L P 0A (V)}, W^(V) = {/ G L^ (F) 
p > 2. Let ii/"o l(^) denotes the space of antiholomorphic (0,l)-forms on V. Let 

flJ il (V) = J ff o , , 1 (v0nLg il (ni<p<2. 

Let W^V) = {F G LP(V) : <9F G ^(V)}. 

From the Hodge-Riemann decomposition theorem (see [GH], [Ho]) V$ £ Wo'f (V^) we 

have 

$0 = 3(3*G$ ) + "H$o, where "H$ G #o,i(K) and G is the Hodge-Green operator for the 
Laplacian 53* + 3*5 on V with the properties: G(H 0jl (V)) = 0, 3G = Gd, 3*G = G3* . 

Straight generalization of Proposition 1 from [He] gives explicit operators: 
Ri : L P 0A (V) -+ LP{V), Ro : L^(V) -> ^(V) and ft : L P 0A (V) -+ H P A (V), 1< p < 2, 
4 = ^ — |, such that V$ G Lq ^(V) we have decomposition of Hodge-Riemann type: 



dR§ + HQ, 
1 



2ni 



where R = R\ + Ro, 

$(0 A (dp a A dp /3 )JdCi A d£ 2 A d£ 3 det 



i? $( z ) = (a*G(aPi$ - $))(z) - (0*G(aRi$ - $))(/?i), 

(9i?i$ — <E>) G Wj'f (V"), G is the Hodge — Green operator for Laplacian 

for (0, 1) — forms on V, 



dd* 
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(l,l)-form under sign of integral does not depend on the choice of indexes oj,/3 = 1, 2,3, 
a ^ 0, 



J=i v 

{ooj} is orthonormal basis of holomorphic (l,0)-forms on V, i.e. 

J Uj Au k = 6 jk , j,k = 1,2, g. 
v 

Note that as a corollary of construction of R we have that lim R$(z) = R&(/3 1 ) = 0. 

zeVx 

z— >oo 

Remark 1.1. If F = {z G C 2 : P(z) = 0} be algebraic curve in C 2 then formula for 
operator R\ is reduced to the following: 

Bl4W = _L| 0K) | det[ | K) ,^]. 



C6V 



Remark 1.2. Based on [HP] one can construct an explicit formula not only for the 
main part R\ of the /^-operator, but for the whole operator R = Ri + Rq. 

Let cp e L\ tl (V) n L^V), f e W^{V), \eC,6eC. 

Let 

Rg<p = R{{dzx + 6dz 2 )\(p)(dz 1 + 6dz 2 ), 



Rx,ef = e- X , e R(e x , e f), where e x , e (z) = e H^ 2 )-H^+^)_ 

By straight generalization of Propositions 2, 3 from [He] the form / = Re^p is a solution 
of df = <p on V, function u = R\,gf is a solution of 

(<9 + \{dz\ + 9dz 2 ))u = / — V-xfif-, where 
^/ = e-^M, P>2. 
In addition, by straight generalization of Proposition 4 from [He] we have that 

d(d + X(dz 1 + $dz 2 ))u = <fi + X(dzi + edz 2 ) An\,e(Re<f) on V. 

Definition 1.1. The kernel g\,o(z,£), z, £ G V, X G C, of integral operator ° Re 
is called in [He] the Faddeev type Green function for operator d(d + X(dzi + 9dz 2 )). 

Definition 1.2. Let g = genusV. Let {u)j}, j = l,...,g, be orthonormal basis 
of holomorphic forms on V. Let {a±, . . . , a g } be different points (or effective divisor) on 
V\V . Let 

A e (X) = det[J ReiS&a^Auk&ex^), j,k = 1, . . . ,g,] 



where 5(£,a,j)- Dirac (l,l)-form concentrated in {oj}. 
Let Eg = {A G C : A e (A) = 0}. 

Definition 1.3. Parameter 9 G C will be called generic if 9 ^ • • • , where 
= —1/7;. Divisor {ai, . . . , a 3 } on V\Vo will be called generic if 



Proposition 1.1. Let parameter 9 G C and divisor {a\, . . . ,a g } on V\Vo be generic, 
where Vo = {z G V : |zi| < ro}, <7 > 1. Then for r large enough we have inequalities: 

hniA^oolA^A^A)! < oo and 

Ve>0 hmA^oo|A 5 A 9 (A)| £ > 0, ^ere |A s A e (A)| e = sup |(A') 3 • A e (A')| 

{A':|A'-A|<e} 

Besides, the set Eg is a closed nowhere dense subset of C. 

Let X be domain containing Vo and relatively compact on V . Let a G C^(V), a > 0, 
on V, <T = 1 on V\X. Let Y" be domain containing X and relatively compact on V. Let 
divisor {ai, . . . , a s } on Y"\X and parameter 6* G C be generic. 

Definition 1.4. The functions if} (z,X) = ^/aF e (z,X) = p e (z, X)e x ( Zl+0Z2 \ z G V, 
9 G C\{6>i, . . . , 9d}, A G C\Eq, will be called the Faddeev type functions, associated with 
a, 9 and {a\, . . . , a s } if ipg, Fg, fig satisfy correspondingly properties: 

9 

dad c F e = 2^e x{zi+ez2)S ^C h g{\)d{z,a J ), 

dcf ^ = #e + 2 e A ^ +e ^ ^ Ci,fl(A)<J(z, a,), (1.1) 

i=i 

d(d + X(dz 1 + 9dz 2 ))^g = -qpg + % Cj ! g(X)S(z, a,), 

3=1 

and the normalization condition 

lim fig(z,X) = l, (1.2) 

z^oo 

where G If(Y), fie\ V \ Y e L°°(V\y), p > 2, q = {C^} are some functions of 

A G C\£? e . 

Theorem 1.1. Under the aforementioned notations and conditions, V generic 9 G C, 
V generic divisor {a\, . . . , a 3 } C V\X and V A G C\Eg : |A| > cons£(V, {a,}, 6*, a) there 
exists unique Faddeev type function 

M*> A) = v^(*, A) = e x ^ +ez ^pg(z, A), 
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associated with conductivity function a and divisor {a±, . . . , a g }. Moreover: 

A) function z — > ^g(z,X) and parameters {Cj : g(X)} can be found from the following 
equations, depending on parameters 9 G C, A G C\Eg, 



e x( Zl+ o Z2 ) + • C ji0 (X) 9Xt e(z, aj )e x ^ +e ^\ 



(1.3) 



i=i 
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(1.4) 



where = 1, 2, . . . , g and {ojj} is orthonormal basis of holomorphic forms on V; 

B) functions z — > ^g(z,X) and parameters {Cj ; g(X)} satisfy the following properties 
for A G C\E e : |A| > const(V, {aj}, 0, a) 

3 lim !l±^ e -A(. 1+ ^)(^ + ^) = lim ^ e -M^+o Z2)b {x) (L5) 

! = l,2,...,d zev i 

iC j>e (X) = (27vi)Res aj e- x ^ +0Z2) diJe d = 2™ lim ^ e^ 21 *** 2 ^, (1.6) 



dl/)g(z,X) 

dX 



= bg(X)Mz,X), (1-7) 



^A A) eA(aj ' 1+eaj,2) = 6 e( A ) c 'j.fl( A ) eX(s, '' 1+fl " a, '' 2) - ( L8 ) 

Besides, 

1 /" - 9 

A^(A)rf = -— / e A ,,(^)^)+zJ]C^ 

\X\ ■ \bg(X)\ < co^{a J },a) (|A|+ 1 i)1/3|Ag(A)|( 1 i + |A|)g , ( L9 ) 



|Cj,6»(A)| < const(V,{aj},a)- 



1 1 



|A| + l) 1 /3|A e (A)|(l + |A|)f' 



Remark 1.3. If || In v / ^'llc( 2 )(x) < const(V, {a./},6>) then the condition 
A G C\£ , 6> : |A| > const{V,{aj},9,a) in Theorem 1.1 can be replaced by the condi- 
tion A G C\Eg. Dependence of const{V,{a,j},9,a) of a means its dependence only of 

II Inv^llc^pO- 
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Definition 1.5. The functions 651(A) and {Cj^} will be called "scattering" data for 
potential q. 

Let 3>(V>| 6X ) = 9tfj\ bX for all sufficiently regular solutions ip of (0.2) in X, where 

q = dd j^° ■ ■ The operator $ is equivalent to the Dirichlet-to-Neumann operator for (0.1). 

Let i> denote $ for q = on X. 

Theorem 1.2. Under the conditions of Proposition 1.1 and Theorem 1.1, the follow- 
ing statements are valid: 

A) VA G C\Ee : |A| > const (V, {a?}, 6, a) the restriction of ^e{z, A) on bX and data 
{Cj j e(X)} can be reconstructed from Dirichlet-to-Neumann data as unique solution of the 
Fredholm integral equation 

MzA)\bx+ J e x ^-^ +d ^-^g x ,e(z,Z)($-$ )MZ^)^ (1-10) 
tebx 
9 

e \( Zl +e Z2 ) + • J2 Cj, 9 {\)g\,e{z, a J )e A(2l+922) , where 
j'=i 

y (zi + 0z 2 )-*(0 + A(dzi + edz 2 ))fi e (z, A) = - ^(aj- ! + ea jt 2)- k Cj, *(A), (1.11) 

fc = 2, . . . , g + 1, where (without restriction of generality) we suppose that values {aj,i} of 
the first coordinates of points {cij} are mutually different; 

B) Function cr(w), w G X , can be reconstructed from Dirichlet-to- Neumann data 

by explicit formulas, where we assume that ipe\ bx is found using (1.10), (1.11). 

For the case V = {z G C 2 : P(z) = 0}, where P is a polynomial of degree N, this 
formula has the following form. Let {w m } be points ofV, where (dz\ + ddz^) \ v (w m ) = 0, 

m = 1,...,M. Then for almost all 9 values ^ d< ^^2 \ v { w m) can be found from the 
following linear system 



d k f 

-(l + o(l))— f ( / e iT: o(z)d^ e (z,iT)) = 



d k 

■I 

zebx 

l/ nv(i + \e\ 2 ) dd c ^d 



E 



2 Jadd c \z\ 2 . 

m=l v ' 

I 9P ^.,M3 d fc 



K)x (1.12) 



(w)| 3 ^- ¥ expir[(«; mi i + 6*^,2) + (w m ,„ + 0u> m ,2)] 



|^P(|f.) 2 _ 27 ^(|^)(|ii) + f^(|ii) 2 |( Wm ) ' 

I dzf V 022 / ozidz 2 \dz2 ) V ozi ! dz~ V 021 / I V m > 

where m, k = 1, . . . , M; M = N(N - 1), r G R, r ->■ oo, |r| s |A e (zr)| > e > 0, e- smaii 
enough. Determinant of system (1.12) is proportional to the determinant of Vandermonde. 
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C)lfg = and if = 0(A) = A" 2 , then V z G X and VA G C function fig(z, A) = 
tfje (z, X) e ~ x ( Zl+9z2 is unique solution of Fredholm integral equation 



and function z — >■ cr(z), z6l, can be found from equality 



dd c ii 0{ x)(z, A) = M /° (z)ip e (x)(z, A), zGl 
Vex 



Remark 1.4. Using the Faddeev type Green function constructed in [He], in [HM2] 
were obtained natural analogues of the main steps of the reconstruction scheme of [N2] 
on the Riemann surface V. In particular, under a smallness assumption on dlogy/a the 
existence (and uniqueness) of the solution /j,(z, A) of the Faddeev type integral equation 

M^A) = 1 + ^ J gxA^ f°^ X ]^ C ^ +i^C j g x ,e(z,a j ), z G V, A G C, 

holds for any a priori fixed constants C±, . . . , C g . However (and this fact was overlooked in 
[HM]) for A G C\E there exists unique choise of constants Cj(X, a) for which the integral 
equation above is equivalent to the differential equation 



8{d + \{d Zl + 6dz 2 ))n - U d ^S-Li) + i V CjS( 

2 ^° i= i 



Z,dj), 



where 8(z, cij) are Dirac measures concentrated in the points cij. 

2. Faddeev type functions on Riemann surfaces. Uniqueness 

Let projective algebraic curve V be embedded in CP 3 and intersect 
CP^ = {w G CP 3 : w = 0} transversally in d > g points. Let V = V\CP^, 
Vq = {z G V : \z\\ < ro} and properties i)-iv) from § 1 be valid. 

Proposition 2.1. Let a be positive function belonging to C^ 2 \V) such that o = 
const = 1 on V\X C V\Vo = uf =1 Vi, where {Vi} are connected components ofV\Vo. Put 
q = dd j£° . Let {a±, . . . , a 9 } be generic divisor with support in Y\X, X C Y C Y C V. 
Let for generic G C and A G C : |A| > const{V, {cij}, 0, a) function z (->■ a. = fie(z, A) be 
such that: 

n\ Y eLP(Y), n\ eL°°(V\Y), 

- (2-1) 
dfi y eLP(Y), du.\ Y eLP(V\Y), l<p<2, p>2, 
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d(d + \{dz\ + ddz<i)\i = -q/j, + i Cj5(z, aj) with some Cj = Cj j g(X) and (2.2) 
Ho(z, A) ->■ 0, z ->■ oo, z EV±. (2.3) 

Tien /i fl (z,A) = 0, z G 7. 

Remark 2.1. Proposition 2.1 is a corrected version of Proposition 2.1 of [HM2]. For 
the case V = C the equivalent result goes back to [BC2]. 

Lemma 2.1. Let if) = yfaF = e x ^ 1+ez ^/i, where fx satisfies (2.1), (2.2) and 

F 1 = yfadF, F 2 = ^adF. (2.4) 
Then forms F 1; F 2 satisfy the system of equations 

9 

3F 1 + F 2 A d In = ie x(zi+ez2) ^ CjS(z, a,), 

(2-5) 

dF 2 + -Fi A <9 In y/a = -ie x ^ Zl+ez ^ C A Z > a j)- 



Proof of Lemma 2.1. From definition of F\ and F 2 it follows that 

dad c F = i[2addF - da A OF + da A OF] = 

2i^(dF 2 + A 9 In \/a) = -2%yfd{pF x + F 2 A din y/a~). 

From (2.4) and (2.2) we deduce also that 

dd c fa . 9 - 

d(ad c F) = ^(dd c ^ - V>^9^) = 2y^e x ^ +9z ^ ^ Cj<y(z, a,). 

These equalities imply (2.5). 
Lemma 2.1 is proved. 

Lemma 2.2. Let {b m } be the points of X, where (dzi + 0dz 2 )\ x (b m ) = 0. 
Let B° = U m {bm} and A = U,{a,}. 

Let u±=m 1 ± e-x,e(z)rh 2 , where m 1 = e -^ Zl+0z ^f 1 , m 2 = e - A ( 2 i+^)/ 2 , 

/i = v^if > /2 = v^ff • Let aiso 9i = and <y (z, aj) = dziAd^i ■ Then in conditions 

of Lemma 2. 1 

sup \Bu±\ x (z) ■ dist 2 (z, B°)\ = 0(sup \u±dist(z, B°)\) < oo; 
zex ' ' zex ' 

u^^eL^v^nOiVMXuA )) 
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and system (2.5) is equivalent to the system 



9u± , , , . _ . ._ 

-Q— dz i = T{e-\,9{z)q 1 u±)dz 1 + 

7 _ (2.7) 

* z2( C J ± c j e -\A z )) s o(z, a J )dz 1 . 



Proof of Lemma 2.2. From (2.1) we deduce the property 

u ± \ Y eLP(Y), l<p<2, 
u±\ vXY eIf(V\Y)(BL 00 (V\Y), p>2. 

System (2.5) is equivalent to the system of equations 



1 i=i 



-fiqi + ie* Zl+e ^Y, C M z > a j)- 



This system and definition of mi, mi imply 

<9mi . >A , 

= - qi m 2 + i Cjdo{z, aj), 

+ Am 2 (l + #7^7) = -Qirri! +i) ^Cjd (z,aj). 
From the last equalities and definition of u± we deduce 

du± dmi , , ,/dm 2 -r / 7l dz'i\ - N . „ r , . . 

^— = ^— ±e_ A , 9 (z)(^— + A(1 + ^— )m 2 ) =-Qim 2 + z^C J 5 (^a J )± 

e_ A ,e(^)(A(l + d—)m 2 - Am 2 (l + #7— ) - gimi + z^(7j5 (z,a,)) = 



<9zi y v 9^i 

s 

=F (e_A,e(^9iM±) + i ± C'je-A,e(^))5o(^, a?)- 

i=i 

Property (2.7) is proved. 

For proving (2.6) we will use construction coming back to Bers and Vekua (see [Ro], 
[V]). Let (3± be continuous on Y solutions of 3- equations 

3f3± = ±e- X ,9(z)qi—dz 1 , 
u± 
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where the right-hand side belongs to L^iY). 

Functions v± = u±e~^ ± belongs to 0(Y). Indeed, from (2.1), (2.2) it follows that 
(i e W 1 ' P (Y) n Wl£(Y\(A° U B )). From this and from definition of v± we deduce that 
dv± = qiu±dzie~ f3± — q\u± ^^e~^ ± dz\ = on Y\(A° U B°) and the following formula for 
u± is valid 

u±(z) = v ± (z)e l3±(z \ (2.8) 

From this and (2.7), (2.8) we obtain (2.6). 
Lemma 2.2 is proved. 

Lemma 2.3. Let u± be the functions from Lemma 2.2 and fi be the function from 
Lemma 2.1. Then 

dfi , , n dz 2 \ , , s/ dp, _x 

u± = — + \{l + 9 — )ix-q 1 ix±e- X)0 {z){—-q 1 ix). 



Proof of Lemma 2. 3. We have 

u± = e -Mzi+ez 2 ) h ± e -x( Zl +e Z2 ) j 2 = e -A(z 1+ e 22 ) (/i ± 



where 



e A(, 1+ ^)(^ + A(l + 6l ^ )/4 _^ )j 

h = = v^-(-U x <*+**>ji) = 

az\ az\ v vcr ' 



This imply Lemma 2.3. 



Lemma 2.4. Let u>i, . . . ,u> g be orthonormal basis of holomorphic 1-forms on V. Let 
{ai, . . . , a g } be generic divisor on Y\X, where Vq C X C Y C V. Put u°- k = ^(a?)- Let 
for some generic 8 e C and A G C functions u± from Lemmas 2.2-2.3 satisfy (2.6), (2.7) 
with some Cj = Cj^(X). Then 

sup \C jy e(\)\ < const(V, {aj},6)\\ hiV<r\\w*-°°(x)0- + \M)~ 1/3 \\ U ± IU~(x,b°), 

3 

where \\u± \\l°°(x,b ) = f SU P \u±(z)dist(z, B°) \. 

zex 



Proof of Lemma 2.4. From condition iv) of section 1 we deduce \w® k \ < oo. From 
definition of generic divisor we obtain det^^] ^ 0. From (2.7) and from definition of 
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Dirac measure V k = 1, . . . , g we deduce 



Hm( y u±Au k )± J e-\ t g(z) ^ G u±dz x Au k = 

{zEV: \z!\=r} X 

i y ^(Cj ± Cje_A ifl (z))<Jo(^ aj)^i Au> k = (2.9) 



^X^' ±< ^7' e -M( a j)) w °,fc> 3,k = l,2,...,g. 

3=1 



From estimates lim sup |w±(z)| < oo, for some sequence r n — >■ oo, and 
^ < 0(1^1), z e fc = 1, . . . , g, we obtain 



lim 

1 — >oo 



u± A u k 

{zeV: |«i|=r} 



(2.10) 



From (2.9), (2.10) and Kramers's formula we obtain 

i(C j ±C j e-\ t0 (a j )) = 



det[w? fc ; . . . ; fc ; / ±e_ A)fl (z)^^u±dzi A w fc ; fc ; . . . ; u/J fc ] (2.11) 
x 



det[u;° 



3,ki 



where j,k = l,...,g. 

Let us prove estimate 



f . .dln-Ja_ 
/ e_A,eU)^r — liirfziAw*. 



< 



(2.12) 



const(X,e)(l + lAj)- 1 / 3 !! In V^ll 

For |A| < 1 estimate follows directly, using that lny^ G W 1,oc (X). 
Let S e = U™ =1 {z eX: \z - b m \ < e}. 

Let Xe,v, v = 1,2, be functions from C^\V) such that Xe,i + Xe,2 = 1 on V, 

SUppXe,! C B 2e , SUppXe,2 C V^B 5 , = O(J), 1/ = 1,2. 

Put J^-u± = / XeA z ) e -\o{z) dl Q^° u±dzi Au k , v = 1,2. We have directly: 



x 



\J[u±\ < const(X)e\\ lny/a\\ w i,i( X ) • \\u±\\l°°(x,b°)- ( 2 -!3) 
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For J|tt± we obtain by integration by parts: 

d\a.y/a _ u>k 



J<i u ± = -j J Xe,20e-x,e{z) — u±dz 1 A 
x 

\J e- x , 9 (z)d 



dzi + Qdzi 

x 



x 



Xe,2^ u±dz 1 A 



dz\ dz\ + 9dz2 



(2.14) 



To estimate (2.14) we use (2.6) and the following properties: |<9Xe,2| = O(-), 
supp(dxe,2) C B 2e : 

ll ^r dZlAdX£ ' 2U± dz 1+ edzM ^ x) - 

const(X,9) 

" II ln V CJ \\w 1 '°°{X)\\ u ±\\L^{X,B a ) 

\\-^-dz 1 Adz lXe ,2U ± dzi+edz2 \\ LUX) < 
I \ne\const(X, 6)\\ In v^||w 2 .~(x) ||«±||l°°(x,b°) 
\\^^dz lX£ , 2 u ± Ad( dzi+ed J \ Lh i{x) < 
const(X, 9) 

~ II ln V (J \\w 1 '°°(X)\\'U±\\l°°(X,B") 

du±\ x = T(e\,d(z)q 1 u±)dz 1 . 

From (2.14), (2.6) and these properties we obtain 

const(X, 9) / — 
\J 2 u±\ < | lne| — 1| In V<7\\w 2 >°°(x) • \\'u>±\\l°°(x,b°) + 

const(X,9) j— 

iTl II ^■V^\\W 1 '°°{X) ■ \\u±\\l°°(X,BO)+ (^- 15 J 

£\ A | 

const(X, 9, 5) f—.. 

— £ i+5| A | II v (T \\w i -'°°(x) • \\u±\\l^(x,b )- 

Putting in (2.13), (2.15) s = 4- and 5 = 1/3 we obtain (2.12) for |A| > 1. 
Inequalities (2.11), (2.12) imply estimate 

\Cj ±C j e- X ,e(a j )\ < const(X,{aj} : 9)(l + |A|)" 1/3 || ln7a : ||^ / 2, o (x) • ||w±IU~>(x,bo). 

We obtained statement of Lemma 2.4. 

Lemma 2.5. Let functions u± satisfy (2.6), (2.7) and R - operator from section 1. 
Then 

\\R[e-x,eQiu±d^i\\L<^(x,BO) < const(X,6)(l + |A|)" 1/5 || ]ny/a\\ W 2,oo^ X ) • \\u±\\l°°(x,b°)- 
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Proof of Lemma 2. 5. 

Let Xe,v, v = 1,2, be partition of unity from Lemma 2.4. Put S^u± = R[Xe,uQiu±d^i], 
v = 1, 2. Using (2.6) and formula for operator R we deduce estimate 



\SiU±\\l°°(x,b°) = 0(e)\\ lia.y/a\\ w i,oo^x)\\u±\\L°°(x,BO)- 



(2.16) 



Let i?i ) o(^, z) be kernel of operator R. It means, in particular, that d^R\^{^ z) = — <5(£, z), 
where 6(£,z)- Dirac (1,1)- measure, concentrated in the point £ = z. We have 



5|«± = y Xe,2e_A,e?i«±dfi-Ri ) o(C,^). 



(2.17) 



x 



Integration by parts in (2.17) gives the following 



X 



X 



■xe, 2 (o«i(o«±(o «i,o(e,«)+ 



(2.18) 



ie_ A ,e(^) ^ ~Tr (z)Xe,2(g)gl(g)M±(^)- 

To estimate (2.18) we use (2.6), properties of partition of unity {Xe,A and inequalities 



(0 



)> 



d&+9d& 



0( 



(diat(e,S°)) 



From (2.19), (2.8) and from the formula for operator R we deduce estimate 

||5'|'U±||l°o(X) = ^(^4|^j")H ^ n V&\\w 2 '™(X)\\u±\\L°°(X,B")- 

Putting in (2.16), (2.20) e = ^tje w e obtain statement of Lemma 2.5. 
Proof of Proposition 2.1. 

Let function \i satisfy conditions (2.1)-(2.3) and u± be functions defined in 
Lemma 2.2. Then by Lemma 2.3 we have 

Jjgi, w ±( 2 ' A ) = ( m i ± e-A,e(^)m 2 ) = 



(2.19) 



(2.20) 



lim [ A (l + + |^ ± e_ A 0. 



a— >-oo 



(2.21) 
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Let 

9 

h± = u±± R{(e-x,o(z)q 1 u±)dz 1 - i ^(Cj ± Cje- X , e {z))5 {z, a,-)dzi], (2.22) 

j=i 

where R is the operator from section 1. 

By Lemmas 2.2-2.5 and properties of operator R we have h± G 0(V) H L°°{V) and 
h±(z,X) — > 0, z — > oo, z G V\. By Liouville theorem, h±(z, A) = on V, A G C. Then 
from (2.22) with h±(z, A) = and Lemmas 2.4, 2.5 it follows that u±(z, A) = 0, z G V, if 
A G C\i?0 : |A| > const(V, {a,}, 6>)|| ln- v /o : ||^ 2iOC ,^ x ^. Property u±(z, A) = 0, z G V, implies 

by Lemma 2.3 equality J^- — q~\\i = 0, 2; G V, where fi(z) — >■ 00 if z G V"i, z — > 00. The 
Liouville type theorem for generalized holomorphic functions ([Ro], theorem 7.1) implies 
/j, = 0. Proposition 2.1 is proved. 

3. Faddeev type functions on Riemann surface. Existence. 
Proof of Theorem 1.1 A 

Proposition 3.1. Let conductivity a and divisor {ai, . . . , a g } satisfy conditions of 
Proposition 2.1. Then V generic 9 G C and VA G C\i? e : |A| > const(V, {aj}, 0, a) there 
exists unique Faddeev type function 

^^^F^eKzi+o**)^ W here 

V> = ipe{z, A), F = F (z, A), // = A), 

associated with a and divisor {ai, . . . , a s }, i.e. 



(3.1a) 



d(d + \(dzi + 6dz2))[i = -q/i + ^^Cj5(z,a,j), for some Cj = Cj j e(X) 1 where 

= ^V* , M | y G L p (n G L°°(y\n lfe A) = 1. 

In addition, 

constjV, {aj},fl,o-,p,e) 

\\Mz,\)-M°°l,mLP(V) < | Ae(A) |. (1 + | A | )3+ l- £5 

w/iere ^(ooj, A) = f lin^ fi e (z, A), Z = l,...,d, (3^) 

ll^|U ?i0( y) + \\M\l U v\y) < | Ag (A)|-(l + |A|)^ ' P < %V > 2 ' 
V generic 6 G C anrf A G C^-Eg : |A| > cons£(V, {a./}, 6>, a), 

|| y e^(n || mye L~(^\y)u^W)> (3 ' 1C) 

17 



where {Vi} are connected components ofV\Vo, I = 1, . . . ,d, 

e A o(z) = e x (zi+6z 2 )-\(z 1 +dz 2 ) _ 



Remark 3.1. Proposition 3.1 is a corrected version of Proposition 2.2 from [HM2]. 
For the case V = C the results of such a type goes back to [Fl], [F2]. 

Lemma 3.1. Under the conditions of Proposition 3.1, VA G C\Eq function 
z -> ne(z, A) belonging to LP{Y) on Y and to L°°(V\Y) on V\Y satisfies (3.1a) iff 
there exists Cj = Cj^(X), j = 1, . . . , g, such that 

i f 9 
Ho(z,X) = 1 + - / g\,e(z,^)qfMe(^X) + i^2Cj j e(X)gx,e(z i a j ) (3.2) 

dx 

and one of two equivalent conditions is valid 

9 

Hx,o(Ro(7;w)) +i^2C j ,e(X)'HxAM^a j )) = or 

1 j=i (3-3) 

(d + X(d Zl + 9dz 2 ))^(z, A) G H lfi (V\(X Uf =1 {a,})) n L\ fi (Y\X), 

where gx,e JS Faddeev type Green function, Rq, %x,6 - operators defined in section 1. 

Proof of Lemma 3.1. From Proposition 4 in [He] and from definition of Green function 
9\,o(z,Q we deduce that integral equation (3.2) is equivalent to the following differential 
equation 

i 9 

d(d + X(dzi + 9dz 2 ))/j = -q/i + i ^ C jj9 5(z, aj) + 

. j " 9 ( 3 - 4 ) 

X{dz x + 9dz 2 )) x [Hx,e(Re(lqv)) +iJ2C j , 'Hx,e(M^,a j ))]. 

1 3=1 

Equation (3.4) is equivalent to (3.1a) if one of two equivalent conditions (3.3) is valid. 
Lemma 3.1 is proved. 

Lemma 3.2. Let {ai, . . . , a g } be generic divisor in Y\X. Then for any generic 9 G C 

and 

VA G C\Eq : |A| > const(V, {a 7 }, 9, a), integral equation (3.2), (3.3) is uniquely solvable 
Fredholm integral equation in the space W 1, p(V). 

Proof of Lemma 3.2. Let 9 G C and A G C\E e : |A| > const(V,{aj},9,a). From 
(3.2), (3.3) we obtain integral equation for fi$ = hq — 1 and Cjj: 

if 9 
Ve(z,X)-- J g\,e(z,g)q(£)p, e (£, A) -i^2c j) e(X)gx,e(z,a j ) = 



(3.5) 

9x,e(z^)q(^) + iJ2cl e (X)gx,e(z,a J ). 



2 

C6V 
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Parameters Cj = Cj j e(X), j = 1, . . . ,g, are denned by the equations: 



I 



i=i v 



A 1 

e\,e(0 R 9(-^Qp)^k(0^ k=l,2,...,g. 



(3.6) 



We remind that determinant of system (3.6) is exactly A#(A). 

Parameters C® d are defined by (3.6) with C® 9 in place of Cj : g and 1 in place of fx. 

One can see also that Cj e (X) = Cj j g(X) — Cj^(X). 

Let us prove that (3.5), (3.6) determine Fredholm integral equation in the space 
W 1 'P(V),p>2. 

Propositions 2, 3 of [He] imply that correspondance 



9 

I 



fl R x ,e o (R e (-qfi) + i^2c j , e Re(S(z t a j ))) 

i=i 

define linear continuous mapping of W 1, v(V) into itself. This mapping is compact because 
mapping jj — > qfl, suppq C AT, from W^'^iy) into L\ ± (X) is compact, operator 

Re : L{ X {X) ->■ Wlf{V) and operator R Xfi : (V) ->■ W" 1 '^(V) are bounded. 

If for fixed X ^ Eq Fredholm equation (3.5), (3.6) is not solvable then correspond- 
ing homogeneous equation, when the right-hand side of (3.5) is replaced by zero, admits 
nontrivial solution fx* = fx* — 1. 

By Lemma 3.1 function fl* satisfies differential equation (2.2) with Cj replaced by Cj 
and with property fl*(z) — > 0, z — > oo, z G V\. 

By Proposition 2.1, fl* = if A G C\E 9 : |A| > const(V, {cij}, 9, a). 

It means that equation (3.2), (3.3) is uniquely solvable Fredholm integral equation for 
any A G C\E e : \X\ > const(V,{<Xj},9,a). 

Lemma 3.2 is proved. 

Lemma 3.3. Let {a±, . . . ,a g } be generic divisor on Y\X. Let X G C\Eq. Let fx 
be solution of integral equation (3.2), (3.3). Then relations (3.3) determining parameters 
Cj = Cj^(X) are reduced to the following explicit formulas 

X& jt0 exA«j)^M = J e x , e (z){i^^ + 2d\n^ Adln^)^(z). (3.7) 

j=1 ' zex 



Proof of Lemma 3.3. By Lemma 3.1 equations (3.2), (3.3) are equivalent to the 
equation: 

9 

d(d + X{dz 1 + 6dz 2 ))n = l -qfx + i^ C 3,e$(z, o,j), (3-8) 



2 
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where /i = ^e(z, A) — >■ 1, z G V\, z — >■ oo. 

System (2.7) implies the following relation 



lim f u±Au k + i [ ^Jfii,o^ C 3,e^\,e{ z ))—J^- u k = 
j— s-oo j j * — ' az\ 

\zi\=R zev\x J = l 



T 

zex 

where q x = 

To obtain (3.9) we multiply the both sides of (2.7) by Au k , integrate on V and take 
conjugation. 

From Lemma 2.3 and Lemma 3.2 it follows that 

u±(z) ->■ A(l + 6^i) ■ lim^ ^(z, A), z ->■ oo, z G V;, 
where 7;= lim — — , lim uo(z,X) = l. 
Existence of lim^ He{z, A) follows from Lemma 4.1 below. This imply that 

zEV, 

TmT| / u± Au k \ =TmT| / A(l + ^/)wJ= lim |A|0(-) = 0. (3.10) 

i?^oo' 7 1 R->-oo [ J 1 R->-oo V _R 7 

\zi\=R \z!\=R 

From (3.9), (3.10) and definition of u± we obtain 

9 p S(z ci ) /* 

/_ 
e- X(2l+fe2) ?i/idziAo> fc , where /1 = ■ 

By Lemma 2.3 we have 

2 y e-^+^qxhdzt Au k = 
zex 

2 y e A ,e(2)?i(^- + A^ + A6>^^ - A a; fc . 

From definition of a,) we have 
9 
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(3.11) 



y C 3 e A , e (z)^A Wfc = -2^C 3 e M (a 3 )^(a J ). (3.12) 



By integration by part we have 

n f , dfi . _ f d In a/o 7 

2 / e\ i e{z)qi{— + X/jjdz! Au k = 2 / e\,o{z) — — X/jdz 1 Au k - 

zex x 

n f . s d In Ja , ^ _ 9^2 \ . _ /" , . d 2 In -v/a . 

-2y e M (z) — (A/A + \e— n)dz! Au k -2 y ex,o{z)-Q^Qjr-fidz 1 Au} k = ( 3 . 13 ) 

^ f . . , d 2 In -v/cr 9 In a/ct , . dz2 \ , 



Using (3.11), (3.12), (3.13) we obtain 



C,,,e A ,,(a,) — («,-) = y e M ( z )(-^_ + |_^_| )^A W , 



z6X 



Lemma 3.3 is proved. 

Proof of Proposition 3.1. a) By Lemmas 3.1-3.3 statement (3.1a) of Proposition is 
valid, i.e. there exists function z — > fie(z,X), z G V with property (3.1a) VA G C\Eq : 
|A| > const(V, {%}, 6*, a). 

b) Put f = Re^qfj), ft = R e (iJ2 C j,e$( z , a j)) and f = fo + h- By (3.2) we have 

i=i 

/j,-l = Rx,ef = R\,efo + R\,efi- 
Put 

LgJ(^) = {« : «| y G L^(Y), «| ny G 1 < p < 2, p > 2, ? = 0, 1. 

By Proposition 3 ii' from [He] we obtain 

\\H - lXe{00 U \)\\ L p {Vl \Y) < 

rt(V,p, 0) • mindAI" 1 ^, lAI-^dl/oll^i.^ + £ |C^|) 



const 



3 



(3.14) 



ll^|| L p.j ( v) ^ «wi«*(V,P»^)(ll/o|lwri.j( V ) + Xll C '^l)- 

J'=l 

For proving estimates (3.1b) let us now estimate {C® e }. 

In order to estimate {C® 6 } we must use equations (3.6), where parameters {Cj t 
replaced by {C° 9 } and function fi is replaced by 1. For modified equations (3.6) 

1) we apply Kramer formula for solution of linear system and integration by parts 



1 J we apply Kramer rormula tor solution ot linear system and integration by p 
in all integrals of this system, using e\ t e{z){dz\ + Bdz?) = jde\ i e(z). In addition, 



we 
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use: formula (1.2) for A#(A), formula dRe(^q^) = \q[i and estimate of singular integral, 
containing B( d )• This gives inequality: 



^ const(V,{aj},e,(j) 
^ |6 ^ (A)| - |A,(A)|(1 + |A|)* • 



ii) The equation (3.5) together with obtained inequality for Yl \Cjo(ty\i estimate of 
Faddeev type Green function \g\ i e(z, £)| = O(p^pr^) are used to obtain estimate (3.15) for 
E fe(A)| and \(JL (\)\: 



mm ^ const(V,{aj},e,<T,p,E) 



|A| |H|yjri., (v) ^ _,~^ vv ,_ | Ae(A) | (1 + | A | )3 



ii , v., const(V,{aj},9,(j,p,e) (3.15) 

^ " ^ |A,(A)|(1 + |A|)^- ' 

where X E C\Eg : \X\ > const(V, {aj},9,a,e), l = l,...,d, /ie(ooi, A) = 1. 
These estimates imply estimates (3.1b). 

c) Differentiation of equation (3.2) with respect to A gives equality 



J = l 

(zi + 0z 2 )(At - 1) - #A,e ((Ci + O&ReC^qn + i C j^(^ a,)) . 



(3.16) 



Equality (3.16) can be rewritten in the following form 

^ = (J - i? A ,0 o £ e ) - 1 [(f! + ^ 2 ) 0* - 1) + #A,e o ^ (i £ ^2p(s, a,)) - 

^A,e ((£i + O&ReCzW + * E c i,o(W(*> • 

(3.17) 

Using Propositions 2, 3 from [He], estimates from part (b) of this proof we obtain from 
(3.17) 

Statement (3.1c) is proved. 
Proposition 3.1 is proved. 
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4. Equation d ^ X) = b 9 (X)e-x,d(z)ft e (z, A). Proof of Theorem 1.1B 

Proposition 4.1. Let conductivity a, divisor {ai, . . . , a s } and 6* satisfy the condi- 
tions of Proposition 2.1. Let function tf)g(z,X) = 

e X(z 1+ 9z 2 ) ^ 

(z, A) be the Faddeev type 

function, associated with a, 9 and divisor {ai, . . . ,a g }. Then for A G C\Eq : |A| > 
const(V, {cij}, 9, a) 
i) the following d -equations take place 

dfi e (z, A) 



OX 
dC ji9 {\) 



b d (X)e-x,e(z)ii()(z,X), if z G V\{oi, . . . , a g }, (4.1) 



dX 

ii) function bg(X) satisfies equations: 



= b e (X)e-\,e(a j )C j ,e(X), j = l,...,g, where (4.2) 



z\ +9z 2 . . d/j,o(z, A) 



b oW Hm f/ e (z,A) = ^lhn = e A ,e(^) 



N ' ^ " A ' i)( ; i + 6>z 2 ) 



i r 9 

A6 e (A)rf=-— / eA,fl(z)9/Afl(z,A) + iy^Cj,o(A)eA,g(oj) > l = l,...,d 



(4.3) 



and the inequality 

|A|(1 + |A|)g|A fl (A)| ■ MA)] < const(V, {a,}, 0,v) + * /3 . (4.4) 



Remark 4.1. For the case F = C this statement is obtained in [GN], [N2], [N3]. 
Proposition 4.1 is a corrected version of Proposition 3.2 of [HM2]. 

Lemma 4.1. i) Let function /j, = fio(z, A), z E V\Y, 
X G C\Eg : \X\ > const(V, {cij}, 9, cr) satisfy equation 



and the property 



Then 



d(d + X(dz 1 + 9dz 2 ))/J = on V\Y (4.5) 



\p - Ve(ooi, X)]\ V ^ Y G W 1,p (Vi\Y), where p > 2, 
^(ooj, A) d = lini^ fx (z, A), / = 1, . . . , d. 



oo ^ 

A\ VAY = A/i(oo,) + 



fc=i 
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def , \ Of! 



oo ^ 
B \v l \Y = T [ B ^ { - Zl+ 0- Z2r 1 = 1 d ' 



(4.6) 



where 0(V\Y) is the space of holomorphic functions on (V\Y). 
ii) Let 

be formal series with coefficients determined by relations 

Aa fe) i - (k - l)a fe _i 5 / = A k j, \b k j - (k - l)b k -i,i = B k j, l = l,...,d, k = l,2, 

Let 

M Avi = Moo,, A) + ± J ^ k , N Av> = ± (4.7) 

fc = l K = l 

Then function \x has the asymptotic decomposition 

Hy, = M \ Vl + e -\e{z)N\ w zi ->■ oo, 

Le - 4 ! =M lv I + e -^4 I + (u4rr)- 



Proof of Lemma 4-1- 

i) From (4.5) it follows that 

dd(e x ^+ 9 ^^(z,X))\ v ^ = 0. 

Thus B(e x< - Zl+ez2 ' ) ^l(z, A)) = e x ( Zl+ez2 ^d[i is antiholomorphic form on V\F and <9,u + 
Xfi(dzi + Odzz) is holomorphic form on V\Y. From this, condition dfx G Lq ^(l^Y) and 
the Cauchy theorem it follows that 



00 R 



g(i7rfeF (d " 1+ ^ 2)| ^ and 

(d/j + X/j,(dzi + 9dz 2 ))\ v ^ Y = A{dz x + 9dz 2 )\ v ^ Y 

OO ^ 

(A//(oO,) + ^ + ^ 2) J (^1 + ^ 2 )| vA y. 
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It gives (4.6). 

ii) From (4.6), (4.7) we obtain, first, that 



^1=6-^+^)5^+^)^)1+0(1) 

then fx\ Vi =M u \ Vi +e_ x , e (z)N u \ V[ +d(— -). 



Comparison of the last equality for different indexes v and v + 1 implies that O(j-^p) = 
It gives statement of Lemma 4.1. 

Lemma 4.2. i) Functions M v and N v (congugated to N u ) from decomposition (4.8) 
have the following properties: 

\/zeV\Y3 lim ( - dM \ . + \M V ) d ^ f - 9M Q . + AM and 
x ^^00^(^1 + ^2) y <9(zi + /9z 2 ) 

u^oo K 8{z 1 + 6z 2 ) ' d{z 1 + 6z 2 ) 

ii) Functions d{ £+ 9z2) + AM and 9{z f+ 9za) + XN belongs to 0(V\Y) and 



dfr + ezi) ' v /v a(^ + ^ 2 ) 

, dM 
+ X/j = —. — — + AM, 



(4.9) 



d( Zl + 6z 2 ) ^ d( Zl + 6z 2 ) 
dN 



d( Zl + 9z 2 ) 



+ XN ->■ 0, z x ->■ cx). (4.10) 



Proof of Lemma 1^.2. 

Part i) and equalities (4.9), (4.10) from part ii) follow directly from (4.8). 
Properties (4.8), (4.9), (4.10), property d\i G Lq'i (Proposition 3.1b) and extension 
property of bounded holomorphic functions through isolated singularities imply that 

dM ON 

+ AM and — — — + XN 



d( Zl + 9z 2 ) d( Zl + 9z 2 ) 

belongs to 0(V\Y). 

Lemma 4.2 is proved. 

Lemma 4.3. Let ipo(z,\) = e x ( Zl+6z2 > fio(z, A) be the Faddeev type function on V, 
associated with potential q = and divisor {ai, . . . , a g } on Y\X. Then 

25 



VA E C\E 9 : |A| > const(V, { aj }, 9, a) 



6x ^ d(z! + 9z 2 ) ^ = J2 Bk > l ^ 1+ ^~ k > where 

Bu = -±* (4.11) 

/ e x , 9 (z)—-^—(dz 1 + edz 2 )yr 1 : Yc{zEV: \z x \ < n}. 

y 9(2:1 + 6z 2 ) 

{zeV t : \z 1 \=r 1 } 



Proof of Lemma 4-3. 

Estimate of d\i from (3.1b) and the Cauchy theorem, applied to antiholomorphic 
function e x ,e(z) d{ ^+ 0S2) \ Vl \y impiies (4.11). 

Proof of Proposition 4-1- 

Since ip, fx are Faddeev type functions, we have the equations 

00 

d(d + \{dz\ + 9dz 2 ))n = -q(J> + i ^ Cjj(X)8(z, a,), 

i=i 

9 

dd c i; = qi; + 2j2 e X{zi+ez2) C Jj9 (\)5(z, cij). 
i=i 

Put Va = If and = |f. 
We obtain 

9 Q/^ 

dd c iP~ x = q ^ + 2j2e X{zi+dz2) ^(X)S(z,a J ). 



dX 



From Lemma 4.1 we deduce 



e-x,8{z) _ - +0(- — 12), and 



d( Zl + 0z 2 )^\ Y A ' PV 'z x +dz 2 v |^i| 2 ' 



(4.12) 



From (4.6), (4.7), (4.8) we deduce 

M | vA? = ^(<x)^A) + ^^ + e_ M (z)^^ + 0(jip), ^^00, (4.13) 
where A& ; (A) d =l f A6 M (A) = B^, Aa;(A) d = Aai^(A) = Aij, l = l,...,d. (4.14) 
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From (4.13) and (3.1c) we obtain for I = 1, . . . , d 

4>\ Vl \v = e A(2l+922 V = 

Zl + ^2 Zi+9z 2 pi | 

e M- Zl+Sz2) {bi{x) + exAz) d*,(ooi,\) + o( J-)). 

OA \Z\ I 

For function ^ = e~ x ^ Zl+ez2 " > ipx we OD t a in 

% 9 dC 

B(d + X(dz 1 + 6dz 2 ))n- x = -qnx + i Yl ~^^ z ' a ^ 

3 = 1 

and ^ = e_ A ,,^)(^(A) + e A , e (^) ^ ( ^' A) +0(^-)), z G V t . 

OA | Z\ | 

For large enough function e_ a, 0(2) A* a = v 9 (- 2 ? A) satisfies equation 
9(9 + \{dz\ + 9dz2))<fi = 0. From this, Lemma 4.1 and property lim \(p(z, X)\v < oo 

we deduce that ^^(z, A) — >■ consti(X) d = <p(ooj,A), if z G Vj, z — >■ oo, I = 1, . . . , d. So 
in the relations above we have ex,e(z)fjLx(ooi, A) = 0, i = 1, . . . , d. Functions e-x,e(z)flx 
and fx both satisfy equation d(d + \{dz\ + 9dz 2 ))n = \q\i on V\{a±, . . . , a g }. Besides 

/j\ v ^(z, A) — > /i(ooz, A) and ex,e(z)fix(z, A) — >■ fy(A), if z G V/, 2; — > 00. Applying Proposition 
2.1 we obtain 

e x ,e(z)^x = bi(\)p,o(z, \) (po (00 1, A)) -1 , / = 
This implies equalities (4.1), (4.2), where 

6g(A)= 6 ' (A) =, 1 = 1 d- (4.15) 

M°°z, A) 

Asymptotic formula (4.3) follows from (4.11), (4.14) and (4.15). These formulas and 
Cauchy-Green formula imply also the following important expression for be (A): 

A& e (A)d=--L J exg ( K z)d IJj = --}— J ex,e{z)dn + i^2Cj t eex,e{aj), (4.16) 
z ebY z ebx 3=1 

where 

J ex,0{z)dfi = J ^e x ,e{z)qfj,. (4.17) 
z ebx x 
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Equality (4.3) follows from (4.16). This equality together with estimate of {Cj} from 

Lemma 2.4 and estimate through integration by parts of J e\^q[i imply (4.4). 

x 

Proposition 4.1 is proved. 

5. Reconstruction of function ipo\ bx from Dirichlet-to-Neumann data on 
bX. Proof of Theorem 1.2 A 

Let X be domain containing Vo and relativement compact in V with smooth (of 
classe C< 2 )) boundry. Let a G C^ 2 \V), a > on V, a = 1 on V\X. Let q = Let 
u G C(bX) and u G W 1 '* i (X), p > 2, be solution of the Dirichlet problem dad°u\ x = 0, 
u\ bx = u, where d c = i(d — d), d = 8 + d. Let ip = yfau and ip = y/au. Then 

dd c tjj = — j^- ty = qip on X, ^p\ bx = V 7 - (5-1) 
v c 

Let -00 De solution of Dirichlet problem 

dd c ip o \ x = 0, ^o| 6X =^| bX - 

Let 

$V = ^| bx and $o^ = ^ | &x - (5.2) 

Operator V'bx ^ ®$\bx * s ec l u i va l en t to the Dirichlet-to-Neumann operator 
u\, v i — y ad c u\, v . 

I OA I OA 

Proposition 5.1. Let ip = e x ( Zl+dz2 ^ (i be the Faddeev type function associated with 
potential q = dd j^° (see Definition 1.4), generic divisor {ai, . . . , a g } with support in V\X 
and generic 6 G C. Then VA G C\Eq : |A| > const(V, {aj}0, a) the restriction ip\ bX of ip 
on bX can be found from Dirichlet-to-Neumann operator ip\ bx — >■ crd c ip\ bx through the 
uniquely solvable Fredholm integral equation 



f - 9 

(^' A )Lx+ J 9\,e(zX)m-\(®-®o)m\iie((,X) = l + i^2Cjj(X)gx,o(z,a j ), (5.3) 



g , 
^Ki + #a jV2 )- fc C^(A)+ / (z 1 +6z 2 )- k (d + Hdzi+6dz 2 ))Li = 0, k = 2,...,g+l, 



9 

I 

j =1 ,€b\ 



where g\ t e(z, £)- kernel of operator R\ g o R$ 7 

m_ A ($-$ )m A ^(C,A)= J e- A ^+^)($(C,«;)-$o(C,«'))e A(wi+ ^ 2) ^(«',A), (5.4) 



webx 



<E>(C, w), &o((,w) are kernels of operators $ and $o, m±\ denote the multiplication oper- 
ators by e ±x (zi+0z 2 ) ^ va i ues {aj }1 } of the first coordinate of points {aj} are supposed to be 
mutually different. 
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This proposition for the case V = C is equivalent to the second part of Theorem 1 
from [N2]. 

Lemma 5.1. Let ip = e x( - Zl+8z2 ^ p be Faddeev type function of Proposition 5.1. Then 
V z G V\X and VA G C\Eq : |A| > const(V, {a*,}, 6>, a) we have equalities 

M^A) = 1- J g x ,e(z,Od^A)- J »e(z, Z)e x ^ +e ^d(e- x ^ +e ^ g x , e (z, £))+ 

9 
3 = 1 

(5.5) 

and 

, 9 
- J (z 1 +6z 2 )- k (d + \(dz 1 + 6dz 2 ))fi = J2( a 3^ + da J^~ klC jA^ik = 2,... (5.6) 



Proof of Lemma 5.1. 
The equation 

9 

d(d + X(dzi + 9dz 2 ))p = -qp + i ^ Cjj(\)6(z, a,), (5.7) 

3 = 1 

where suppq C X implies that (l,0)-form / = (d + \{dz\ + 9dz 2 ))p is holomorphic on 
(V\(X U 9 j=1 {aj}) and Res aj (d + \(dz x + 9dz 2 ))p = This and the property (4.12) 

imply that VA G C\Eg and V k > 2 form [z\ +0z 2 )~ k f is holomorphic in the neighborhood 
of (V\V). By residue theorem applied to the form (z\ + 9z 2 )~ k f on V\X, we obtain 

r 9 

J ( Zl + 6z 2 )- k f(z, A) = —2m R es a j (zi+0z 2 )~ k f(z, A) = -(a,, i + Oaj, ^(iC^X)), 
zebx j=1 

k = 2, 3, . . . . Equality (5.6) is proved. 

Let us prove now (5.5). Differential equation (5.7), where G LP(Y), 
p\ v \y G L°°(V\Y), p(z) — > 1, z — > oo, z G Vi, is equivalent by Lemma 3.1 to the system 
of equations 

fj,(z, A) = 1 + Rxj o Re{-qiJb + i'y~]Cj6(z, a?)), z G V, and (5.8) 

a(9 + A(dzi + to))At = 0, zey\(XU? =1 {aj}). (5.9) 
These equations imply relations (5.6). Besides, we have equality 

/ 9x,e^0y(0K0 = f 9xA^0d(d + X(dz 1+ edz 2 ))p. 

X X 

29 



Using Green-Riemann formula we obtain 

J e^-^+^-^gx^Odd^ = J ^dd(e x ^ Zl -^ +e(z2 -^ )) g x ,e(^ 0)+ 
x x 

bX bX 

For z G V\X we have 

00( e A((*i-*i)+*(* 2 -*2)) g Xje ( Z ^)) = 0. 

Then 

- J gx,eM(^)= J 9x,9d^+ J e x ^ +e ^^d(e- x ^ +e ^g x ,e(z,0)- (5-10) 
£ex tebx $ebx 

From (5.8), (5.10) we deduce statement (5.5) of Lemma 5.1. 
Proof of Proposition 5.1. 

Let ipo : 8dipo\ x = and ipo\ bX = By Green-Riemann formula V z G V\X we 

have 

y ^(e A(( * 1_6)+ * ( * 2 ~ 6)) #A,0(^O) + y e A « 2l - ?l)+ ^ 22 -^ ) ^ A , e (^,0^o = 0. (5.11) 

Formulas (5.11) and (5.5), (5.6) imply 

A) = e M*i+"*) - y e A((, 1 -C 1 )+^ 2 -C 2 ))^ ( ^ 0( ^(^) -a^ (0) + 

(5-12) 

i=i 

Formula (5.12), (5.6) are equivalent to (5.3). Integral equation (5.3) is the Fredholm 
equation in C(bX), because operator ($ — $ ) is compact operator in C(bX). Existence 
VA G C\Eq of unique Faddeev type function ip = e x ^ Zl+ez2 "> fi, associated with q and divisor 
{ai, . . . , a g } imply existence of solution of (5.3) with residue data 

iCj = Res aj (d + X(dz\ + 9dz2))fi, j = 1, . . . , g. Let us prove uniqueness of solution (5.3) 
in C(bX) with residue data {Cj}. Suppose fi G C(bX) solves (5.3), (5.6). Consider this \x 
as Dirichlet data for equation dip + X(dz\ + 6dz2))fi = \q_fi on X, solution of which well 
defines fion 1. 

Let us also define fi on V\X by (5.5). Function fj,(z, A) defined in such a way on V 
belongs to C(V\ U 9 J=1 {a,}). 
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Let us show that n satisfy (5.7). By Sohotsky-Plemelj jump formula V z* G bX we 

have 



L(z*) = lim (fgx,ed^ + ^ +e ^d(e- x ^+ ^g Xl e))- 

^ x bX 

- lim ([gx,ed^ + ^ +e ^d(e- x ^ +9 ^g x , e )). 

z^z J 



From (5.5) and (5.13) we deduce equality 



£,ebx s,ebx i =1 

(5-14) 

By Green-Riemann formula we have also 

bx J =1 

- / /j(B(d + X(dzi +0dz 2 )gx,e) + / gx,ed(d + X(dzi + 9dz 2 ))fj, + % Cj, e gx,e{ z i a j) = 
x x ^ 

9 

ii + 1 9\,ed(d + \{dzi + 9dz 2 ))^ + i Y, C j,e9\,e(z, a j)> z eX, 

9 ^ (5-15) 
f gx,9d(d + \(d Zl + edz 2 ))fi + i Y Cj fi 9\,e{z,aj), z e V\(X uf =1 {a,}). 

X j=l 

Equalities (5.5), (5.6), (5.14) and (5.15) imply (3.3) and 

ix{z) = 1 + / gx,ed(d + \{dz 1 + 9dz 2 ))^ + i Cj j0 gx,e(z, a 3 ) = 
i 9 

1 + Rx,e ° ^(-qn + i^CjfSfadj)), z e V. 

3=1 

By Lemma 3.1 function fie(z, A) is the Faddeev type function associated with q and divisor 
{ai, . . . , a g }. The uniqueness of solution of (5.3) in C(bX) with residue data {Cj } g} follows 
now from uniqueness of the Faddeev type function. 

6. Reconstruction of conductivity function from Dirichlet-to-Neumann 
data. Proof of Theorem 1.2B 

We will obtain here exact formulas for reconstruction of conductivity function 
a e C( 3 \V), a > 0, a = 1 on V\X, from Dirichlet-to-Neumann data 

Mbx-> B Mbx 
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for Faddeev type functions ip e (z, A) = e x(zi+ez2 '> fj, (z, A), 9 G C\{0i, #4, 
A G C\P e : |A| > corwrf(V, {a,}, 9, a), {ai, . . . , a g } C 

For simplicity of presentation we consider in detail the case of regular algebraic curves 
in C 2 C CP 2 , only. 

Let V = {z = {zq : Z\ : Z2) G CP 2 : = 0}, where P(z) homogeneous polynomial 

of degre N. Let CP^ = {z : CP 2 :z =0}. Put 

C 2 = {z eCP 2 :z Q ^0}, zi = ^, z 2 = ^, P(z) = P(l,zi,z 2 ), , , 

Z0 Zq (6.1) 

V = {z G C 2 : P(z) = 0} = v n c 2 . 

Without restriction of generality we suppose that V be (regular) curve of degree N > 2 
with property: 

7nCP^ = {/?i,..., /? d }, where be different points of CP^, 

ft = (0: ft: ft), |eC, 1 = 1 iV, 

<9P 

— (2)^0, if zeV: \z 1 \>r = const(V). (6.2) 

For 9 G C let {iy m } be points of V, where {dz\ + 9dz2)\ v {w m ) = 0. Then for almost 
all 9 G C the following relations are valid 

OP ,dP dP 

= ^~ ( W m) {Wm), K f °> 

oz 2 az\ az\ 

{ d 2 P ( dP,2 n d 2 P ( dP, ( dP, d 2 P,dP,2,, s /n 

Without restriction of generality it is sufficient to give proof under condition that 9 = 0, 
i.e. for points w m = (w mj i, w m ^) G V such that 



dP , , , dP , , d 2 P 

^2 



^— (w m )^0, —(w m ) = 0, — —(w m )^0 (6.3) 

OZ\ OZ2 oz 2 



and also such that V m the line {z G C : 21 = itf m ,i} has tangency with X only in the 
single point w m , m = 1, . . . , M. By Hurwitz-Riemann formula M = N(N — 1). In the 
neighborhood of point w m G V curve V can be represented in the form 

V = {(2:1,2:2) G C 2 : z\ = w mA + 

( dP . ld 2 P t , 2 n3n1 (6-4) 

^dz^ Wm) ' \~2 ~dzj( Wm ^ Z2 ~ Wm > 2 > +°(( Z 2- W m,2) )J. 

The reconstruction formula for dd J^ \ w m ), m = 1, . . . , M, will be obtained here by the 
stationary phase method, using formula (4.17). 
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Let \x be Faddeev type function (3.1) with properties (3.1a)-(3.1c) and with 9 = 0. 
Below in this section we will write Ro, -Ra,ch e A,cb A*0) V'cb A , Eq, C^o as R, R\, e\, 
ft, A, E, Cj. 
Let 

9 

fo = F d Zl = l -R(qii), fi = F x dzx =iY,C j (X)R(8(;a j )), 

3 = 1 

where fx = fj,(z, A), z G V, A G C\£' : |A| > cons£(V, {%}, a). 
Lemma 6.1. For uq = R\fo the following estimate holds: 

ii / u ^o(-,A) const(V,p) 

Fo(-,Aj — || L 9/4 (X) < — — ||/o(-,A)||^2,p (y) . 



Proof of Lemma 6.1. By Lemma 2.1 and Proposition 2 from [He] we have fo G 
Wio(V), F G W 1,p iV). Using equality d z e\(z) = \e\{z)dz\ and integration by parts 

formula uq = R\fo = e-\(z)R(e\fo) can be transformed into the following 



uo{z) = e-x(z)R 1 (e x fo) + e-\(z)R (e\f ) = 
e_ A (z)l fe x (OdF Q AWidet[§(0^-z] 



2 ™ A / g^-l^-^l 2 (6.5) 
y g| 2 J + e_A(z)i2o(e A / ), 



2tu A 



v v gg(0-K-*l 



where i?o operators defined in section 1 (see remark 1.1). From (6.5), using 
Corollary 1.2 from [He], we deduce 



Xu -F = -e- X (z)R 1 (e x (OdF ) - e- X (z)R (e x (OdF ) = Ji(z) + J (z). (6.6) 

We will estimate further only term J\(z). Estimate for Jq(z) is similar. 
For Ji (z) we have J\ (z) = (z) + (z) , where 

r± . , _ e-xjz) f ^(Ox^()dF (() Ad6det[f (Oj - z] 

be smooth functions such that x+ + \~ =1, 
X? = l, if |^| <P, «iflPX?c{e: |^|<M (6 . 7) 



and \d X f\ = 0(-). 



1 
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Let B = {z G V : d£i\ v (z) = 0}. Property dF = dz\\^qji implies estimate 

dF — 0( dist ^ z Bo ^ )dz2- From this, formula for J±(z) and Lemma 3.1 of [He] we obtain 

estimate for 

Jt ■■ Pth^ix) = O(p 2 / 3 )\\fo\\ wbnvr (6.8) 

In order to estimate Ji(z) we integrate by parts in the formula for Jj~, using 
d z e\(z) — \e\(z)dzi. Then inequalities 



\BF (z)\=O( 



dist(z, B Q ) 



), \3dF (z)\=O( 



dist(z, B ) 



) 2 , zeX\B 



and inequality 



<% 2 A d& 



p<l? 2 |<i 



l6l 2 (6-* 2 ) 



+ 



<% 2 A di 2 



p<I6I<i 



161(6 -z 2 ) 2 



imply estimate 



Ui IU~(x) - (jx\Z)\\fo\\w^ 



(yy 



(6.9) 



From (6.6), (6.8), (6.9) with p = |A| 3 / 5 we obtain statement of Lemma 6.1. 

Lemma 6.2. Let q G C^\{V), suppq C X, f = ^R(qp), u = R\fo- Then the 
following asymptotic estimate is valid 



I 

x 



e x (z)q(z)u (z)\ = o(—X for 



A G C : |A| > const(V, {dj},cr), |A(A)(1 + |A|) 3 | > 5 > 0, for some sufficient small 5. 



Proof of Lemma 6.2. 

From Lemma 6.1, using estimate of fx from (3.1b), we obtain asymptotic relation in 
the space LP(V), 2<p< 9/4: 

Ii0(z ,A) = ^M£^) +o( _i_ ) = 

'Mim+o^) if | M A)(1+|A|)»I >*><>. 

Putting this relation into J e\(z)q(z)uo(z), we obtain 

x 

J e x {z)q{z)u {z) = ^J e x {z)q{z){dz 1 \R{q)) + 

X X 
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By Riemann-Lebesgue type theorem 

J e x (z)q(z)(dz 1 \R(q))=o(l) if A -)■ oo, |A(A)|(1 + \X\) 9 > 5 > 0. 
x 

This implies the statement of Lemma 6.2. 

Lemma 6.3. Let q G C{*l(V), suppq C X. Let wi, . . . ,wm be the points, where 
dzi\ v (w m ) = 0. Then the following consequence of stationary phase method is valid: 

( e-^q(z) = £(1 + o(l)) f; (6 . 10 ) 

£ m m=l r \~dz%y Wm >\ 

where Q 2 (w m ) = 2ldz ^ Ad - Z2 (w m ). 

Proof of Lemma 6.3 (see [Fe], Th.2.1). 

Lemma 6.4. Let q = G C[]l(X), suppq C X, f x = i £ C,- (A)£(<J(-, a,)), 

j'=i 

Mi = R\f\. Then the following asymptotic estimate is valid 

| y eA(z)g(z)m(z)| = Q( | A |3/ 2 _ e ), /or AgC: | A| > const(V, {a^}, cr, e), 
|A(A)(1 + |A|) 3 | > 5 > 0, 5 /or some sufficiently small 5. 



Proof of Lemma 6.4. Using that {a±, . . . ,a 9 } be generic divisor, from estimate 
(3.7) (Lemma 3.3) we obtain inequality 



sup |Cj(A)| < constiV, {oj}) sup 



X 



e x (z) (i^ + 2d In A d In V^^*) 

y 0" «£i 



Let £ > be small enough and B £ = {z G X : I ^ I < e}. Then 



dz2 



dz\ 



M 



\X 



= o(Ei " ,)> 



m=l 



Let £ C (1) (X) be functions with properties (6.7). Using that a G C (3) (X), 
G IU 1 '^(X), <9 z ca(z) = AeA(^)rf^i by integration by parts we obtain 



X~ (z)e x (z) (i ^2 + 2d In ^ A d In y^) ^(z, A) || (z) 



< 



const(U, cr) 
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< 



We have also directly 

j xt (z) ex (z) (i d -^- + 25 In ^ A d In yfi) A) || (z) 
x 

const(V, cx)p. 

These estimates with p = — ^= and estimates for Faddeev type Green function 

\R\ o R(S(-, a,j)\ = 0( ) from Theorem 4 of [He] imply statement of Lemma 6.4. 

Proposition 6.1. Under conditions (6.1)-(6.4), for A = ir : r G R, |r 5 A(zr)| > 5 > 
0, 5- small enough, the following formula is valid 



e iT (z)d z fi(z, ir) = I e iT (z) q '' 



zebx zex 

M 



2i 

(6.11) 



m=l vii z 

Proof of Proposition 6.1 and Theorem 1.2B. From Lemma 3.1 we have equality 

9 

fj, = 1 + R\ o R(\qy) +R\o R(i C^z, a,)) = 1 + u + «i- (6-12) 

Let 5 > be small enough. Estimates of Lemmas 6.2, 6.4 and (6.12) give asymptotic 
equality 

p = l + o(i) (6.13) 

under conditions A G C : |A| > coras*(V, {a,,-},<7), |A(A)(1 + |A|) S | > 5 > 0. 
By Proposition 1.1, Ve > we have inequality 

lmiA^oo|A 3 A(A)| e = S(e) > 0, where |A 9 A(A)| e = sup |A'A(A'|. 

{A': |A'-A|<e} 

So for any e > and any positive 5 < 5(e) there exists r such that the set 

{A G C : |A(A)(1 + |A|) 5 | > 5 > 0} intersects any disque {A' : |A - A'| < e}, with |A| > r. 

This property, Lemma 6.3 and property (6.13) imply Proposition 6.1. 

Theorem 1.2B follows from Proposition 1. Indeed, stationary phase method permits 
differentiation of (6.11) with respect to r, keeping (in our case) terms of order -. Differ- 
entiation of the right-hand side of (6.11) gives for 9 = the right-hand side of (1.12). 

Theorem 1.2B is proved. 

Remark 6.1. To obtain version of Proposition 6.1 with arbitrary generic 9 from 
Proposition 6.1 with 9 = it is sufficient to change coordinate system: z\ = z\ + 9z 2l 

Z2 = Z 2 - 
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Remark 6.2. Proposition 6.1 can be reformulated also as formula for reconstruction 
of conductivity function from scattering data bg(ir) and Cj } g(ir). Indeed, by formula (4.16), 
we have 

f 9 

J e iTt 0(z)d^(z,ir) = -2tt [r6g(zr)d + ^ C jjT (iT)e iTj g(aj), 



bX 

where d is defined in section 1. 



i=i 



7. Proof of Proposition 1.1 

For simplicity of presentation we give proof only for the case when V is algebraic curve 
in C 2 . Proposition 1.1 will be obtained here as a corollary of the following statement. 

Proposition 7.1. Let 9 G C\{0i, . . . , 6 N }, 5 = 5(9) = inf|0-0j|, V = {z G V : 

\zi\ < r o(<5)}j fo(5) = con % • Let {bm} be the points of V , where (dzi+9dz 2 )\ v (b ra ) = 0, 

m = 1, . . . , M, and {a±, . . . , a g } be the points of generic divisor in V\Vq. Then V j,k = 
l,...,g and for A = ir, where r G M, large enough, such that \Ag(ir)\ > 5 > 0, the 
following asymptotic equality is valid 

J Rg(6(£,aj)) AQ k (Z)e x ,o(Z) = -je x ,e( a j) ^ ( a i)- 

- exp [A(6 m ,i + 9bm j2 ) - X(b m ,i + 9b m ^)]K^ k (b m , a 3 ) + 0(—^), 

m=l 

where 

Kj,k(b m , a,j) = 

|fg(& m )|3j^(5 m , aj )) AQ k (b m )(l + |0| 2 ) (7.1) 

\ d 2 P (dP\ 2 n d 2 P dP dP , d 2 P / <9P \ 2 1 jj c | ~|2 I ^ ^ ' 
\~dzj\dz 2 ) Z, dz 1 dz 2 dz 2 d Zl "•" 9if Va 2 J l Ma H |xA°™J 

Lemma 7.1. Let V\Vb = Uf =1 Vj be a curve with properties i)-iv) of section 1. Then 
V0 7^ 0i, . . . , 9d any point w, where (dz\ + 9dz2)\ v (w) = 0, belongs toVo = {z eV : \z\\ < 

tq(8)}, where tq(S) = const(V)/V5, 5 = min|0 — 9i\. 

Proof of Lemma 7.1. For any point w G V\Vo, where (dzi+9dz2)\ v (w) = 0, definition 
0i = -\ 

I = 1, . . . , d, and property iii) of Section 1 imply for some / = l(w) equality 
0= (dz t + 9dz 2 )\ v (w) = [i + 0( 7 , + ^ + O(jL))]dzi = 

I 1 + ^ + 0(4)]ctei = 7* [(* - + 0(4)]ctei. 

This gives equality 0(l + O(^-)) =0;. This equality together with inequality |0 — 0/] > 5 
implies inequality < con ^ v ^ = r (5). 
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Lemma 7.1 is proved. 
Let further 

A ed = {zeV : \z-aj\< e}, A e = U? =1 A eJ , 
B e , m = {zeV: \z - b m \ < e}, B e = U^ =1 £ e , m . 

Lemma 7.2 Let r (5), 5 = 5(0) be as in Lemma 7.1. Let x Ae : > X Be be smooth 
functions with properties 

41 a . - , . 4 , .... i 



e 

Then for any e > small enough we have B 2e H A 2e = {0} and V k = 1, . . . , g 
A^(A) d = f | (l-x A ^-X B ^m^a J ))Au k (0exA0 = °(^)- 

Proof of Lemma 7.2. By Lemma 7.1, any point b m , where (dz\ + 0dz2)\ v (b m ) = 
belongs to {z G V : \zi\ < ro}. Under the conditions of Lemma 7.2, any cij from 
{ai, . . . , a g } belongs to {z E V : \z±\ > r (5)}, 5 = 5(0). 

Then B 2e H A 2e = {0} if e is small enough. From definition of A 3 g ' k e and equality 
dRe(5(e, a j))\ v \{ a } = we obtain 

Af e (A) = i J(l - X A * ~ X Be )Rem, a;)) A ^+^ ^(0 = 
v 

- - ^ - *«■)*(*({,.,)) a 8(3^^)^(0- 

i/S(X- + X B ^.(^.« J ))A 5 3(| ? _e„ K ) + <7 ' 2) 

V 

{£6V: |Ci|=r} 

From asymptotic estimates \Rg(6(£,aj))\ = 0(\d£i\) and \u>k\ = 0(^-), £i — > oo, and 
property irif \9 — $i\ > we obtain vanishing of the last term of the right-hand side of (7.2). 

Property (d£i + 9d£,2)\ v \ B 7^ permits to integrate other terms of the right-hand 
side of (7.2) by parts once more and to obtain statement of Lemma 7.2. 
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Lemma 7.3 For any k,j E {1, . . . , g}, 9 {9\, . . . , 9d] and any e > we have the 
asymptotic equality 

v 

Proof of Lemma 7.3. Integration by parts of the left-hand side, equality 
dR(5(£, a,j)) = 8(£,a,j) and inequality (d^i + 9d^ 2 )\ A imply statement of Lemma 7.3. 

Lemma 7.4 Under the conditions of Lemmas 7.1, 7.2, V5 > 0, 9 : inf |6> — 0i\ > 5, 
V j,k = l,...,g, 

J x Be Rem,a j ))Au k (Z)e iT ,e(t;) = 
v 

M 

- jyT ^ exp[A(6 m ,i + 9b m , 2 ) - \{b m ,i + 9b m , 2 )]K jjk (b m , aj) + 0(j^), 

m=l 

where 9 = 9(b m ), m = 1, . . . , M, and Kj jk (b m , dj) are defined by (7.1). 

Proof of Lemma 7.4- This statement is consequence of the classical result of the sta- 
tionary phase method [Fe], applied to the left-hand side, taking into account the following 
equality for e\j{z) in the neighborhood of the stationary points b m e V, m = 1, . . . , M, 

e\,e{z) = exp[A(6 m ,i + 06 m>2 ) - A(6 m ,i + 6b m ,2)\ x exp[XA(z 2 - 6 m , 2 ) 2 - XA(z 2 - b m , 2 ) 2 ], 
where 

(g 92 - 2 affc» + g )( t -X^ - + gfa ~ W» 

2(©(U 

We use here 22, 22 as coordinates of integration. 
Lemma 7.4 is proved. 

Proof of Proposition 7.1. Proposition 7.1 follows from Lemmas 7.2-7.4. 

In the proof of Proposition 1.1 we will apply also the following statement about ex- 
ponential polynomials discovered by L.Ehrenpreis [E] and reinforced by C.Berenstein and 
M.Dostal [BD]. 

Proposition 7.2. ([E], [BD]) Let Q(£) be an exponential polynomial 

N 

Q(0 = E«*(0e <o ^ > , 
k=i 

where {q k } are polynomials of £ = (£1, . . . , f n ) e C n , a fc = {oj fe ,i, . . . , a k , n } e C n , 
fe = l,...,iV. 
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Let h(£) = maxi?e < a k , £ >■ Then We > 3 constant C = C(s, Q) > such that 

k 



\Q(0\ e = 



sup |Q(£')| > ^e h( °. 



U'eC: |€'-€l<e} 



C 



The final part of the proof of Proposition 1.1 consists of the following. 
Proposition 7.1 and definition of A#(A) imply asymptotic equality 

|A|.A.(A)=d«t(-* ew5? ^ ssW - 

it ^2 exp[A(6 m) i + 6b mt2 ) - X(b m ,i +Bb mt2 )]K j)k (b m ,aj)) + 0(— ), 

m=l ! 



(7.3) 



where j, k = 1, . . .,g. 

The determinant of the right-hand side of (7.3) is an exponential polynomial Q(\, A) 
of the form 



g(A,A) = ^Q fc (A,A)e Aa - 



(7.4) 



k=i 



where A e C, a k & C, A; = 1, . . . , N. Coefficient qk(X, A) of exponential polynomial Q(X, A) 
and complex frequences {oik} depend on V, {aj}, 6, {b m }. Applying Proposition 7.2 to 
the exponential polynomial (7.4) we obtain uniformly for A G C estimate 



IQ(A,A)| e > 



1 max i?e (Aafc — Aafc) 

e fc 



1 



(7.5) 



[ BC1 

[ BC2 

[ BD 
[BLMP 

[ Bu 

[C 



C(e,Q) C(e,Q) 
The both inequalities of Proposition 1.1 follow from (7.3)-(7.5). 
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